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On the electromagnetic resonances of nanoparticles
Carlo Forestiere and Giovanni Miano
Department of Electrical Engineering and Information Technology,
Universita` degli Studi di Napoli Federico II, via Claudio 21, Napoli, 80125, Italy
A spectral technique is applied to evaluate the resonance frequencies of the full retarded scattering
from spherical nanoparticles. This approach allows one to unambiguously identify the modes that
are responsible of both the peaks and the asymmetric lineshapes of the scattered power spectra. The
fundamental differences between the electromagnetic scattering properties of dielectric and metal
spheres are discussed. These results are used to investigate the scattering from isolated silicon and
silver nanospheres.
The past two decades have witnessed a rapid rise of
interest in the resonant electromagnetic scattering from
metal and dielectric nanoparticles (NPs). Metal NPs
can support coherent oscillations of their free electron
plasma, also known as localized surface plasmons [1].
This phenomenon enables the fine control of electromag-
netic fields at the nanoscale and the boosting of linear
and nonlinear optical processes [2], stimulating a plethora
of potential applications, including ultrasensitive biosen-
sors [3], nonlinear optics [4], and solar energy harvest-
ing [5]. Recently, a new branch of nanophotonics has
emerged, advocating the use of high index dielectrics and
semiconductors, instead of metals [6], which are plagued
by high losses [7].
However, despite many advancement in the under-
standing of NP electromagnetic scattering, several fun-
damental questions remain unanswered. First, the res-
onances in metal or dielectric NP of size comparable to
the wavelength are currently found either experimentally
or numerically by exciting the NP with radiation of vari-
ous frequencies and locating the peaks of the correspond-
ing scattered power spectra. However, this procedure is
flawed and can be often misleading. Generally speaking,
a peak of the scattered power spectrum cannot be univo-
cally associated to the action of a unique resonant mode
but may arise from the interplay of several modes. The
correct identification of the resonant modes is essential in
the description of anomalous scattering behaviours such
as the appearance of asymmetric resonant line-shapes (of-
ten referred to as Fano-like resonances [8]) where inter-
ference phenomena play a key role. Second, why silicon
and metal NPs of comparable size exhibit deeply differ-
ent resonant behaviours in the visible spectral range? For
instance, magnetic modes in isolated metal nanospheres
at optical frequencies have never been seen, but it is very
well established that they can be excited in their silicon
counterpart [9]. Third, why asymmetric lineshapes in
the total scattering spectrum have been observed for Si
spheres, see for instance Fig. 1 (a) of Ref. [10], but not
for metal spheres?
The shortcomings of the current understanding of res-
onances in the electromagnetic scattering from particles
can be attributed to the lack of a full electrodynamic
spectral theory. In fact, the Mie theory and its exten-
sions are not spectral theories. In the electrostatic limit,
spectral theories that allow the identification of plasmon
resonances do exist. For instance, for a spherical NP of
permittivity εr and size much smaller than the incident
wavelength, the Fro¨hlich condition [1], i.e.
|εr (ω) + 2| = Minimum
ω
(1)
enables the calculation of the resonant value of per-
mittivity, and hence NP resonance frequency. Later,
Mayergoyz et al. [11] introduced a more general quasi-
electrostatic technique applicable to arbitrarily shaped
particles. However, although the applicability domain of
these approaches can be reasonably extended using per-
turbation techniques [11, 12], they fail when the particle
size is comparable with the incident wavelength.
Here, we apply a spectral method to the calculation of
the resonance frequencies of the electromagnetic scatter-
ing from spherical particles in the full-retarded regime.
It is based on a series expansion of the scattered elec-
tric field in terms of the form (γh − εr)
−1
Ch (r), where
γh and Ch are respectively the eigenvalues and eigen-
functions of the auxiliary eigenvalue problem introduced
in Ref. [13], which do not depend on the permittiv-
ity εr. The study of these eigenvalues and eigenfunc-
tions unveils fundamental properties of the scattering
processes, including the difference between dielectric and
metal nanoparticles due to the disjoint subset of narrow
modes excited in these two cases. Similar approaches
have been introduced in the past [14, 15] and applied to
the quasi-static electromagnetic scattering [11, 14–18],
to the retarded single dipole approximation [19], to the
scalar Mie scattering [20], and to the full-wave electro-
magnetic scattering from a flat-slabs [21].
Let us consider the electromagnetic scattering by a
sphere of radius R occupying a regular region Ω. The
sphere is excited by a time harmonic electromagnetic field
incoming from infinity Re
{
Ei (r) e
−iωt
}
at wavelength
λ = 2pic/ω, where c is the speed of light in vacuum.
The material is a non-magnetic isotropic homogeneous
dielectric with relative permittivity εr (ω), surrounded
by vacuum.
The solution of the electromagnetic scattering problem
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FIG. 1. Loci spanned in the complex plane by the poles of a
homogeneous sphere by varying x ∈ [0.01, 100]. We show the
loci associated to the electric dipole (n = 1) with l = 1 (a)
and l = 2 (b), of the electric quadrupole (n = 2) with l = 1
(d) and l = 2 (e), and of the fundamental magnetic dipole (c)
and quadrupole (f).
is represented as [13]:
ES (r) = (εr − 1)
∑
pmnl
(
Apmnl
αnl − εr
C
(α)
pmnl (r) +
Bpmnl
βnl − εr
C
(β)
pmnl (r)
)
,
(2)
where the eigenvalues αnl, βnl and the corresponding
eigenfunctions C
(α)
pmnl, C
(β)
pmnl are provided in Ref. [13],
and
Apmnl =
〈C
(α)
pmnl,Ei〉Ω
〈C
(α)
pmnl,C
(α)
pmnl〉Ω
, Bpmnl =
〈C
(β)
pmnl,Ei〉Ω
〈C
(β)
pmnl,C
(β)
pmnl〉Ω
,
(3)
∑
pnml
=
∑
p∈{e,o}
∞∑
n=1
n∑
m=0
∞∑
l=1
, 〈A,B〉V =
˚
V
A·B dV.
(4)
The set of poles {αnl, βnl} and the corresponding mode
functions
{
C
(α)
pmnl,C
(β)
pmnl
}
in Eq. 2 are complex and do
not depend on the sphere permittivity εr, but only on
the dimensionless parameter x = 2piR/λ = ωR/c. Due
to the Silver-Mu¨ller condition at infinity, the imaginary
part of {αnl, βnl} is always negative.
The modes C
(α)
pmnl are of electric type and the modes
C
(β)
pmnl are of magnetic type. The modal indices p,m, n, l
have the following meaning. The subscript p ∈ {e, o}
distinguishes between even and odd modes with respect
to the azimuthal dependence. The numbers n ∈ N and
0 ≤ m ≤ n define the angular dependence of the mode:
n is associated to the number of lobes of the mode am-
plitude at any given radial distance. In particular, the
modes with n = 1 are the dipolar modes, those with
n = 2 are the quadrupolar modes, and so on. The mode
number l ∈ N gives the number of maxima of the mode
amplitude along the radial direction inside the sphere.
We denote the electric and magnetic modes as funda-
mental when l = 1, and as higher order modes when
l ≥ 2. In general, we have 〈C
(δ)
pmnl C
(δ′)
p′m′n′l′〉Ω = 0,
∀ (δ, p,m, n, l) 6= (δ′, p′,m′, n′, l′), where δ, δ′ ∈ {α, β}.
Furthermore, due to the spherical symmetry, we also
have 〈
(
C
(δ)
pmnl
)∗
, C
(δ′)
p′m′n′l′〉Ω = 0, ∀ (δ, p,m, n) 6=
(δ′, p′,m′, n′).
The expansion 2 allow us to address the first question
formulated in the introduction. For passive materials
with Im {εr} ≥ 0, the quantities |αnl − εr| and |βnl − εr|
in Eq. 2 do not vanish as ω varies for a given R, because
Im {αnl} < 0 and Im {βnl} < 0. Nevertheless, the mode
amplitudes Apmnl/(αnl − εr) andBpmnl/(βnl − εr) reach
their maximum whenever for a given R and εr (x)
r
(α)
nl = |εr (x)− αnl (x)| = Minimumx
;
r
(β)
nl = |εr (x)− βnl (x)| = Minimumx
,
(5)
respectively. These are the conditions that maximize
the contribution of the modes C
(α)
pmnl and C
(β)
pmnl, respec-
tively, as x varies and define their resonance frequencies.
The resonant width of the mode depends on the mini-
mum values of the residua. The mode is narrow if its
minimum residuum is less than a given quantity ρ, broad
otherwise. In the following, we assume ρ = 5.
Since αnl and βnl do not depend on the sphere’s per-
mittivity, their behavior can be completely described by
the loci they span in the complex plane as a function of
x. The resulting diagrams are universal, being applica-
ble to every possible homogeneous sphere, and constitute
an invaluable tool to investigate NPs resonances. As al-
ready noted, αnl and βnl have negative imaginary part.
Instead, their real part can be either positive or nega-
tive. When it is negative, the condition 5 is verified by
metals at optical frequencies (Re {εr} < 0), giving rise to
plasmon resonances. When it is positive, the condition
5 is verified by dielectrics (Re {εr} ≥ 0), giving rise to
photonic resonances.
The analysis of the loci of αnl and βnl is propaedeutic
to the understanding of the scattering from an isolated
homogeneous sphere, regardless of its size and composi-
tion. Therefore, in Fig. 1 we plot the loci spanned by α1l
for the fundamental (l = 1) (a) and higher order (l = 2)
3(b) electric dipole. In Fig. 1 (c) we plot the loci of β11 for
the fundamental magnetic dipole. In Fig. 1 we also plot
the loci spanned by α2l for the fundamental (l = 1) (d)
and higher order (l = 2) (e) electric quadrupole. In Fig.
1 (f) we plot the loci of β21 of the fundamental magnetic
quadrupole.
For x ≪ 1 (Rayleigh limit), α11 approaches the value
−2 (see Fig. 1 (a)), and the condition 5 reduces to the
Fro¨hlich condition 1. Therefore, for finite values of x, the
condition 5 applied to the fundamental dipole represents
the natural extension of the Fro¨hlich condition to the full
retarded case. Both the fundamental dipole C
(α)
pm11 and
quadrupole C
(α)
pm21 have their corresponding pole’s locus
confined within a limited region of the complex plane,
being −3 ≤ Re {α11} ≤ 0.48 and −2.94 ≤ Re {α21} ≤
0.71. Therefore, in light of Eq. 5 they cannot be narrowly
excited in particles with moderately positive permittivity
such as Si because they are broad. Instead, they are
narrow for metal particles in the visible spectral range,
whose permittivity belongs to the third quadrant of the
complex plane.
The loci spanned by α1l, α2l with l ≥ 2, associated
to higher order electric dipolar and quadrupolar modes,
and by βnl associated to all the magnetic-type modes
are profoundly different, as shown in Fig. 1 (b-c),(e-f).
They always lie in the fourth quadrant irrespectively of x.
Moreover, they asymptotically approach the positive real
axis for x → 0. Thus, they cannot be narrowly excited
in metal NPs with Re {εr} ≤ 0 and play no role in the
scattering of any deep subwavelength particles.
Thus, the only modes that can be narrowly excited in
a metal sphere are the fundamental electric ones. These
modes constitute an orthogonal set, this fact prevents in-
terference phenomena in the total scattered power. Vice
versa, the modes that can be narrowly excited in a di-
electric sphere with positive permittivity are the mag-
netic modes and the higher order electric modes (l ≥ 2).
Some of these modes are non-orthogonal, enabling inter-
ference phenomena. These general properties allow us to
answer also to the second and third questions posed in
the introduction, as we will explicitly see in the following.
We now use this approach to investigate the resonances
of silicon (Si) and silver (Ag) spheres with R = 100nm
and 60nm, respectively. We model the Ag permittiv-
ity εr,Ag with experimental data [22], instead for Si we
use a constant permittivity, i.e. εr,Si = 16. In Tabs. I
and II we list, for few representative modes of the con-
sidered Si and Ag NPs, the values of x that minimize
the residua introduced in Eq. 5, denoted as x
(α)
nl , x
(β)
nl ,
the corresponding values of the poles αˆnl = αnl
(
x
(α)
nl
)
and βˆnl = βnl
(
x
(β)
nl
)
, and the minimum residua rˆ
(α)
nl =
r
(α)
nl
(
x
(α)
nl
)
, rˆ
(β)
nl = r
(β)
nl
(
x
(β)
nl
)
. In bold we highlight the
narrow modes. We searched for the minima in the range
x ∈ [0.01, 100] and x ∈ [0.19, 1.08] for Si and Ag, respec-
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FIG. 2. Loci spanned in the complex plane by the poles as-
sociated to the electric dipole with l = 2 (a) and quadrupole
with l = 2 (b) and to the fundamental magnetic dipole (c)
and quadrupole (d) (black lines). Positions of the poles (black
stars) αˆnl with (n, l) = (1, 2) (a), (2, 2) (b) and of βˆnl with
(n, l) = (1, 1) (a), (2, 1) (b). Position of εr,Si (red star).
tively.
TABLE I. Values of x minimizing the residua, corre-
sponding poles and residua for a 100nm Si sphere.
n, l x
(α)
nl αˆnl rˆ
(α)
nl x
(β)
nl βˆnl rˆ
(β)
nl
1, 1 2.20 0.48 - 0.96 i 15.6 0.75 16.2 - 1.07 i 1.08
1, 2 1.06 16.3 - 2.15 i 2.17 1.55 15.9 - 0.96 i 0.97
2, 1 2.99 0.70 - 1.33 i 15.3 1.09 16.2 - 0.21 i 0.27
2, 2 1.38 16.0 - 0.31 i 0.31 1.89 16.0 - 0.45 i 0.45
3, 1 3.86 1.00 - 1.67 i 15.1 1.42 15.9 - 0.04 i 0.07
For the Si sphere, the residua associated to the funda-
mental electric modes (dipole, quadrupole, and octupole)
are roughly one order of magnitude larger than the ones
associated to higher order electric modes and the mag-
netic modes. This is consistent with the fact that the
former modes are broad in a sphere with moderately pos-
itive permittivity. Furthermore, Tab. I shows that the
real parts of the poles associated to the higher order elec-
tric modes and to the magnetic modes all approach the
value of εr,Si = 16. This is also clear in Fig. 2, where we
show with a red star the position of εr,Si, and with black
stars the position of αˆnl with (n, l) = (1, 2) (a), (2, 2) (b)
and of βˆnl with (n, l) = (1, 1) (c), (2, 1) (d). We also plot
with a black line the loci of (a) α12, (b) α22, (c) β11, (d)
β21, which were already examined in Fig. 1. Fig. 2 pro-
vides the geometrical interpretation of Eq. 5: the black
stars minimize the distance between the black curve and
red star in each panel, while the distance itself represents
the residuum.
4TABLE II. Values of x minimizing the residua, corre-
sponding poles and residua for a 60nm Ag sphere.
n, l x
(α)
nl αˆnl rˆ
(α)
nl x
(β)
nl βˆnl rˆ
(β)
nl
1, 1 0.92 -2.42 - 2.61 i 3.0 1.08 7.6 - 1.17 i 8.55
1, 2 1.25 11.8 - 2.2 i 10.3 1.08 33.0 - 1.04 i 33.9
2, 1 1.0 -2.03 - 0.11 i 0.35 1.08 16.5 - 0.20 i 17.4
2, 2 1.25 19.8 - 0.19 i 17.6 1.08 50.5 - 0.19 i 51.3
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FIG. 3. Loci spanned in the complex plane by the poles asso-
ciated to the fundamental electric dipole (a) and quadrupole
(b) (black lines). Locus spanned by the permittivity εr,Ag (x)
of a 60nm Ag sphere by varying x (red line). Positions of αˆnl
(black star) and εr,Ag
(
x
(α)
nl
)
(red star) for (n, l) = (1, 1) (a)
and (n, l) = (2, 1) (b).
For Ag particles exactly the opposite happens. Tab.
II shows that the residua exhibited by all the magnetic
modes and by higher order electric modes are much larger
than the ones of the fundamental electric modes. There-
fore, these modes are broad and play a minor role. In
Fig. 3 we show the positions on the complex plane of
εr,Si
(
x
(α)
nl
)
and of the pole αˆnl with red and black stars,
respectively, for (n, l) = (1, 1) (a), (2, 1) (b). We also
plot with a black line the locus spanned as x varies by
α11 (a), α21 (b), and with a red line the locus of the
permittivity εr,Ag. In both panels, the positions of the
black and red stars minimize the distance between the
black and red curves as x varies. It is apparent from
Tab. II and Fig. 3 that the residuum of the fundamental
dipole mode is larger than the corresponding residuum
of the quadrupole. Therefore, we expect the former res-
onance to be broader than the latter. In conclusion, the
modes that can be narrowly excited in metal and dielec-
tric spheres are two disjoint sets. This fact answer the
second question we posed in the introduction, justify-
ing why silicon and metal NPs of comparable size ex-
hibit remarkably different resonant behavior. In particu-
lar, magnetic-type modes cannot be narrowly excited in
metal spheres, regardless of x.
The scattering efficiency σsca has the following expres-
sion
σsca = x
−2
∑
n
(∣∣∑
l
anl
∣∣2 + ∣∣∑
l
bnl
∣∣2), (6)
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FIG. 4. Scattering efficiency σsca of the investigated Si (a)
and Ag (c) spheres as function of x. The vertical dashed lines
represent the resonance positions calculated in Tabs. I and
II. Absolute value of the coefficients anl and bnl as a function
of x for Si (b) and Ag (d) spheres.
where anl = (αnl − εr)
−1 A˜nl and bnl = (βnl − εr)
−1 B˜nl.
The coefficients A˜nl, B˜nl do not depend on εr; they vary
linearly on Ei, and very slowly on x. Their expression
can be found in Ref. [13]. In Fig. 4 we plot σsca of the
100nm Si (a) and 60nm Ag (c) sphere as a function of x,
when excited by a linearly polarized plane wave. We also
show with vertical dashed lines the resonant values of x
as listed in Tabs I, II. In Fig. 4 (b) and (d) we show the
magnitude of the coefficients anl and bnl for the Si and
Ag sphere, respectively, as x varies.
Due to the symmetry of Ei only the modes with m = 1
are excited. For the Si NP, all peaks but one can be at-
tributed to the dominant contribution of a single mode.
In particular, the first peak from the left is due to C
(β)
o111,
the third one to C
(β)
o121, the fourth one to C
(α)
e122, and the
fifth one to C
(β)
o131. Instead, the second peak arises at
x = 1.02 from the interplay between C
(α)
e111 and C
(α)
e112,
as suggested by Fig. 4 (b). In addition, the destructive
interference between these two modes, which are not or-
thogonal, is responsible for the scattering dip enclosed
by peaks 2 and 3 at x = 1.076, and of the correspond-
ing asymmetry of σsca. In correspondence of this dip
the values of the coefficients are a11 = 0.78 − 0.95i and
a12 = 0.063 + 1.83i. It is worth to note that, although
the scattering dip is in the close proximity of the third
peak, the magnetic dipole C
(β)
o121 cannot be held respon-
sible for it, because it is orthogonal to both C
(α)
e111 and
C
(α)
e112, and interference cannot take place. We now ex-
plore the role played by the fundamental electric dipole.
Although C
(α)
e111 is always broad in a Si sphere, it is still
able to significantly contribute to σsca, because the co-
5efficient A11 is very large compared to Anl and Bnl of
the remaining modes. This is due to the fact that the
fundamental dipole C
(α)
e111 more easily couples with the
exciting plane wave and more strongly radiates into the
far field.
Next, we analyse the σsca spectrum of the Ag NP.
It can be exhaustively described by considering only
the fundamental electric dipole and quadrupole modes,
namely C
(α)
e111 and C
(α)
e121, because the higher order elec-
tric modes and the magnetic modes cannot be narrowly
excited in metal spheres. The peak associated to the
mode C
(α)
e111 is very broad due to large imaginary part of
the pole αˆnl, as shown in Tab. II and in Fig. 3 (a). More-
over, there are no asymmetries in the resonances, due to
the orthogonality of the fundamental electric modes.
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